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Abstract
We define and examine the notion of a Killing section of a Riemannian Lie algebroid as a natural
generalisation of a Killing vector field. We show that the various expression for a vector field to be
Killing naturally generalise to the setting of Lie algebroids. As an application we examine the internal
symmetries of a class of sigma models for which the target space is a Riemannian Lie algebroid.
Critical points of these sigma models are interpreted as generalised harmonic maps.
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1 Introduction
Lie groupoids and Lie algebroids are fundamental concepts in differential geometry. Lie groupoids provide
a unifying framework to discuss diverse topics in modern differential geometry including the theory of
group actions, foliations, Poisson geometry, orbifolds, principal bundles, connection theory and so on.
The infinitesimal counterpart to Lie groupoids are Lie algebroids; one should keep in mind the relation
between Lie groups and Lie algebras. For the general theory of Lie groupoids and Lie algebroids the
reader should consult [12].
Recall the standard notion of a Lie algebroid as a vector bundle E →M equipped with a Lie bracket
on the sections [•, •] : Sec(E) × Sec(E) → Sec(E) together with an anchor ρ : Sec(E) → Vect(M) that
satisfy the Leibniz rule
[u, fv] = ρ(u)[f ] v + f [u, v],
for all u, v ∈ Sec(E) and f ∈ C∞(M). The Leibniz rule implies that the anchor is actually a Lie algebra
morphism: ρ ([u, v]) = [ρ(u), ρ(v)]. If we pick some local basis for the sections (sa), then the structure
functions of a Lie algebroid are defined by
[sa, sb] = Q
c
ab(x)sc, ρ(sa) = Q
A
a (x)
∂
∂xA
, (1.1)
and satisfy
Qcab +Q
c
ba = 0, Q
A
a
∂QBb
∂xA
−QAb
∂QBa
∂xA
= 0,
∑
cyclic
(
QAa
∂Qdbc
∂xA
−QdaeQ
e
bc
)
= 0.
The mantra of Lie algebroids is: what ever you can do on the tangent bundle of a manifold you can
do on a Lie algebroid. Indeed, the tangent bundle of a manifold is one of the two fundamental examples
of a Lie algebroid, the second example is a Lie algebra. The theory of Lagrangian mechanics on Lie
algebroids is now well-developed. The Riemannian geometry of Lie algebroids is less explored than the
applications of Lie algebroids to mechanics. The notion of a Riemannian structure on a Lie algebroid
is just that of a metric on the underlying vector bundle; there is no compatibility condition required.
∗Research partially funded by the Polish National Science Centre grant under the contract number DEC-
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However, the Lie algebroid structure allows for a more interesting theory that parallels the classical theory
of Riemannian manifolds closely. Interestingly, all the main constructions from Riemannian geometry
pass to Lie algebroids, in particular a clear notion of torsion as well as Levi–Civita connections.
We direct the interested reader to the following papers [1, 3, 4, 5, 10], all of which discuss Riemannian
geometry on Lie algebroids to varying extents. The notion of a Riemannian metric on a Lie groupoid is
rather delicate and various notions exists, one has to think about the compatibility of the groupoid and
metric structures. We will not touch upon Riemannian Lie groupoids and direct the interested reader to
the recent publication [8] and references therein.
One notion that appears to be missing, or at least not properly discussed, is that of a Killing section
of a Lie algebroid equipped with a Riemannian metric. Such a section would be the natural generalisation
of a Killing vector field in standard Riemannian geometry. In this paper we present the notion of a Killing
section, examine the various ways to express this and some direct consequences.
We remark that Killing vectors and Killing tensors have been fundamental in the development of
general relativity. As far as we are aware, Anastasiei and Gıˆrt¸u [2] were the first to introduce the
Einstein field equations (without cosmological constant) on a Riemannian Lie algebroid. However, it
is unclear if there are any deep physical applications of this direct generalisation. The notion of a Lie
algebroid has of course been applied to the theory of gravity, just not in such a direct way; see for example
[15, 16].
In this paper we also define a class of sigma models for which the target manifold is a Riemannian
Lie algebroid and show how Killing sections describe their internal symmetries. As far as we know,
these models have not been studied before. The equations of motion for these models follows from
the work of Mart´ınez [14] and the critical points can naturally be interpreted as generalised harmonic
maps. We comment that (non-linear) sigma models generally represent a very rich class of field theories
that have found applications in high energy physics, condensed matter physics and string theory. From a
mathematical perspective sigma models provide a deep link between quantum field theory and differential
geometry. It is natural and hopefully useful to study Lie algebroid versions of sigma models.
Arrangement: In section 2 we review the idea of a Riemannian metric and (co)geodesics in the setting
of Lie algebroids. There are no new results on this section. In section 3 we proceed to the notion of a
Killing section of a Lie algebroid equipped with a Riemannian metric and explore the basic properties of
such sections. In section 4 we briefly apply the constructions in this note to a natural generalisation of
standard sigma models in which the Riemannian structure on the target manifold gets replaced with a
Riemannian structure on a Lie algebroid. We end this paper with a few closing comments in section 5.
2 Riemannian metrics and cogeodesic flows on Lie algebroids
In this section we will briefly recall some basic notions related to Riemannian structures on Lie algebroids.
Nothing in this section is new. For details the reader is advised to consult the literature listed in the
introduction.
Metrics and connections: Recall that a Riemannian metric on a Lie algebroid E → M is a smooth
assignment of an inner product to each of the fibres:
〈•|•〉 : Sec(E)× Sec(E)→ C∞(M).
In a local trivialisation we have u = ua(x)sa and v = v
a(x)sa ∈ Sec(E) and the Riemannian metric
is given by
〈u|v〉 = Gab(x)u
avb. (2.1)
A Lie algebroid equipped with a Riemannian metric shall be referred to as a Riemannian Lie algebroid
and simply denoted by (E,G) when the Lie algebroid structure is clear. Any Riemannian metric on a
Lie algebroid defines a quadratic function on E, which in local coordinates (xA, ya) is G = yaybGba.
Following common practice we will also refer to G ∈ C∞(M) as the Riemannian metric.
One should note that the definition of a Riemannian metric on a Lie algebroid is just the definition
of a Riemannian metric on the underlying vector bundle structure. Thus, as all vector bundles admit
Riemannian metrics all Lie algebroids admit Riemannian metrics. The two extreme examples here
are Riemannian metrics on a manifold M , which are really metrics on TM , and non-degenerate scalar
products on Lie algebras; for example the Killing from on a semisimple Lie algebra. The general situation
should be though of as a mixture of these two extremes.
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Remark 2.1. The notion of a pseudo-Riemannian metric as found in general relativity also has the
obvious generalisation to Lie algebroids. All the constructions in this note do not depend critically on
the signature of the metric.
Let us briefly recall the notion of a Lie algebroid connection (we will refer to this simply as a connec-
tion) as a map
∇ : Sec(E)× Sec(E)→ Sec(E), (2.2)
that satisfies the following conditions
∇fuv = f∇uv, ∇u(fv) = f∇uv + ρ(u)[f ] v,
for all u, v ∈ Sec(E) and f ∈ C∞(M). In a chosen local bases the Christoffel symbols are defined by
∇sasb = Γ
c
absc. The curvature and torsion of a connection as defined as
R(u, v)w := [∇u,∇v]w −∇[u,v]w, and T (u, v) := ∇uv −∇vu− [u, v]. (2.3)
Naturally a connection with vanishing curvature is referred to as a flat connection and a connection with
vanishing torsion is said to be a torsionless connection. The vanishing of the torsion of a connection
can be viewed as a compatibility condition between the connection and the Lie algebroid structure viz
[u, v] = ∇uv −∇vu.
Let us fix some metric on the Lie algebroid, then a connection is said to be metric compatible if the
following holds
ρ(u)〈v|w〉 = 〈∇uv|w〉 + 〈v|∇uw〉. (2.4)
Following the classical results we have:
Theorem 2.2. (The Fundamental Theorem of Riemannian Lie Algebroids) There is a unique connection
on a Riemannian Lie algebroid (E,G) characterised by the two properties that it has vanishing torsion
and be metric compatible. Such connections are known as Levi–Civita connections.
The metric compatibility (2.4) and the vanishing of the torsion (2.3) imply that the Levi–Civita
connection for a given Riemannian metric is uniquely define by the Koszul formula (see for example [2])
2〈∇uv|w〉 = ρ(u)〈v|w〉 + ρ(v)〈w|u〉 − ρ(w)〈u|v〉
− 〈u|[v, w]〉+ 〈v|[w, u]〉 + 〈w|[u, v]〉,
for all u, v and w ∈ Sec(E).
In local coordinates the Christoffel symbols for a Levi–Civita connection are given by
Γabc :=
1
2
Gad
(
QAc
∂Gbd
∂xA
+QAb
∂Gcd
∂xA
−QAd
∂Gbc
∂xA
+QedbGec +Q
e
dcGeb−Q
e
bcGed
)
. (2.5)
The local expression for the Christoffel symbols for the Levi–Civita connection on a general Lie
algebroid should remind one of the local expression for the standard case of the tangent bundle written in
a non-coordinate bases. Indeed, the proof of the fundamental theorem follows via the standard arguments
and is well-known.
We state that will almost exclusively be dealing with Levi–Civita connections in this note.
Hamiltonians and cogeodesic flows: As we are dealing with Lie algebroids the dual bundle E∗ comes
with the structure of linear Poisson structure given in local coordinates (xA, πa) as
{F,H}E = Q
A
a
(
∂F
∂πa
∂H
∂xA
−
∂F
∂xA
∂H
∂πa
)
−Qcbaπc
∂F
∂πa
∂H
∂πb
. (2.6)
for any F and H ∈ C∞(E∗). In the above the pair (QAa (x), Q
c
ab(x)) are the structure functions of the Lie
algebroid E →M .
We will consider the Hamiltonian system on E∗, with the following Hamiltonian
H(x, π) =
1
2
Gab(x)πbπa ∈ C
∞(E∗), (2.7)
where GacGcb = GbcG
ca = δab defines the ‘inverse structure’ which we informally refer to as the energy.
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Definition 2.3. Let us fix some Riemannian Lie algebroid (E,G). The Hamiltonian flow on E∗ generated
by H will be referred to as the cogeodesic flow of the Riemannian Lie algebroid in question. A curve
c : [0, 1]→ E∗ is called a cogeodesic if and only if XH ◦ c = tc, where XH is the Hamiltonian vector field
associated with the energy and tc is the tangent lift of the curve c.
Using the local expressions the cogeodesic flow is described by
x˙A = GabQAa πb, π˙a =
(
GbdQcda −
1
2
QAa
∂Gbc
∂xA
)
πcπb, (2.8)
where the ‘dot’ has the meaning of time derivative (i.e. derivative with respect to the affine parameter
used to describe the cogeodesics).
By using the metric to define the isomorphisms E ≃ E∗, i.e. πb = y
aGab, where (x
A, ya) are
coordinates on E the cogeodesic flow can be shown to be equivalent to the generalised geodesic equations
x˙A = yaQAa , y˙
a + Γabcy
cyb = 0. (2.9)
Curves γ : [0, 1]→ E that satisfy the generalised geodesic equations are referred to as geodesics. From
(2.9), we see that the curve γ is admissible; that is the virtual velocity y is related to the actual velocity
x˙ via the anchor. Moreover the existence and uniqueness of geodesics given a starting point (x0, y0) is
clear. If the initial point is such that ya0Q
A
a (x0) = 0, then the geodesic lies in Ex0 and is said to be a
vertical geodesic. Because of the non-degeneracy of the Riemannian metric cogeodesics and geodesics are
equivalent, but we prefer to make the distinction.
3 Killing sections and symmetries
We now turn our attention to the concept of a Killing section. As all the statements in this section follow
via direct computation in local coordinates rather than any clever arguments we omit detailed proofs.
Indeed many of the proofs follows the standard proofs found in any textbook on Riemannian geometry.
Killing sections and the Killing equation: First we recall the notion of the tangent lift of a section
[5, 7]. Given a section u = uasa one can lift it to a vector field on E as
dT(u) := u
aQAa
∂
∂xA
+
(
yaQAa
∂uc
∂xA
−yaubQcba
)
∂
∂yc
∈ Vect(E). (3.1)
One should note that the (infinitesimal) action of dT(u) preserves the Lie algebroid structure. We can
then use this lift to define the Lie derivative of a Riemannian metric, understood as a quadratic function
on E, along a section. In particular we are led naturally to the following definition:
Definition 3.1. A section u ∈ Sec(E) of a Riemannian Lie algebroid (E,G) is a Killing section if and
only if
LuG := dT(u)[G] = 0. (3.2)
Lemma 3.2. In local coordinates (3.2) given the following condition
uaQAa
(
∂Gbc
∂xA
)
+QAb
(
∂ud
∂xA
)
Gdc +Q
A
c
(
∂ud
∂xA
)
Gdb − u
aQdabGdc − u
aQdacGdb = 0. (3.3)
For the case of E = TM we have that Qba = δ
b
a and Q
c
ab = 0 and so (3.3) clearly reduces to the
standard Lie derivative along a vector field of the Riemannian metric vanishing.
Following standard ideas about Lie algebroids, we identify sections of E with linear functions on E∗,
or in the graded language homogeneous functions of weight one. That is, in any local trivialisation, we
have the association
ua(x)sa ! u
a(x)πa. (3.4)
Warning In the following we will mean by u a section of E understood as a section or a linear function.
The context should make the distinction clear. Moreover we will use the identification of the Poisson
bracket on E∗ restricted to weight one functions with the Lie bracket on sections of E throughout the
rest of this note.
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Theorem 3.3. Let us fix some Riemannian Lie algebroid (E,G). Then a section u ∈ Sec(E) is a Killing
section if and only if
{u,H}E = 0. (3.5)
Proof. The theorem follows by explicit calculation in local coordinates using Lemma 3.2.
Statement Killing sections represent ‘generalised symmetries’ of the Riemannian metric G, or equiva-
lently they correspond to ‘conserved charges’ along the cogeodesic flow generated by the energy H. This
is of course in complete agreement with the classical case.
Theorem 3.4. A section u ∈ Sec(E) of a Riemannian Lie algebroid (E,G) is a Killing section if and
only if
〈∇vu|w〉+ 〈∇wu|v〉 = 0, (3.6)
for all v, w ∈ Sec(E).
Proof. The theorem follows by explicit calculation in local coordinates using Lemma 3.2.
For the case of E = TM (3.6) reduces to the standard Killing equation, ∇µXν +∇νXµ = 0, which is
often taken as the definition of a Killing vector. We will refer to (3.6) the Lie algebroid Killing equation.
As standard the components of the curvature tensor are given by R(sa, sb)sc := R
d
a bcsd in some local
basis of sections. It is not hard to show by application of the Lie algebroid Killing equation and the
symmetries of the curvature tensor that the following proposition holds:
Proposition 3.5. If a section u ∈ Sec(E) of a Riemannian Lie algebroid (E,G) is a Killing section then
(∇b∇cu)
dGda = −u
eR de caGdb.
A direct consequence of the previous proposition is the following:
Proposition 3.6. A Killing section is completely determined by its value ua and the value of the anti-
symmetric tensor Lab := (∇au)
cGcb at any point p ∈M . That is, given these values at p ∈M , the values
at q ∈M are determined by integration of the following differential equations
vb(∇au)
cGcb = v
bLba,
vb(∇b∇cu)
dGda = −v
bueR de caGdb,
for any admissible curve with base curve connecting p and q. Here x˙A(t) = va(t)QAa (x(t)) where x
A(t) is
the local coordinate representation of the base curve.
We then see that the maximum number of linearly independent Killing sections is then determined
by the dimension of the space of initial data (ua, Lbc). Thus if the rank of the vector bundle E is n, then
the dimension of the space of initial data is n(n+ 1)/2.
Statement From the definition of a Killing section it is clear that the set of Killing sections forms a vector
space over the reals. Moreover, we know that this vector space is of finite dimension and is bounded by
n(n+1)/2. Following classical nomenclature, a Riemannian Lie algebroid is called maximally symmetric
if it possesses the maximal number of linearly independent Killing sections.
Geodesic sections: Following classical notion of a geodesic vector field we arrive at the following
definition:
Definition 3.7. A geodesic section as a section v ∈ Sec(E) that satisfies ∇vv = 0.
The nomenclature is apt as the generalised geodesic equations can be derived from ∇γ(t)γ(t) = 0,
upon insisting that γ being admissible.
Proposition 3.8. Provided u is a Killing section and v a geodesic section we have that
ρ(v)〈u|v〉 = 〈∇vu|v〉+ 〈u|∇vv〉 = 0. (3.7)
Proof. Observe that (3.6) implies that 〈∇vu|v〉 = 0 if u ∈ Sec(E) is a Killing section. Using this
observation and the metric compatibility establishes the proposition.
Statement The above equation can then be interpreted as saying that 〈u|v〉, which is the component
of v in the direction of u, is constant along the integral curves of ρ(v) ∈ Vect(M). Similarly, one can
directly show that if u is both Killing and geodesic then 〈u|u〉 must be constant.
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The Lie algebra of Killing sections: We need the following lemma that was first proved in [7]:
Lemma 3.9. The tangent lift of a section of a Lie algebroid is a Lie algebra morphism between the Lie
algebra of sections of E and vector fields on E:
dT([u, v]) = [dT(u), dT(v)].
From Lemma 3.9 the following proposition is easily seen to be true:
Proposition 3.10. The set of Killing sections for a given Riemannian Lie algebroid (E,G) forms a Lie
algebra over R of maximum dimension n(n+ 1)/2, where n is the rank of the vector bundle E.
Note that, exactly in accordance to the standard case, we do not have a Lie subalgebroid as the Killing
sections do not form a module over C∞(M). Let us assume that we have a set of N independent Killing
sections; uaα(x). Then a general Killing section is a linear combination of the form
ua[ξ] = ξαuaα,
where (ξa) are understood as vectors in RN (N ≤ n(n+1)/2). As we have the structure of a Lie algebra
here it must be the case that
[u(1), u(2)] = u(3),
where we have defined u(1) = ξα1 u
a
αsa etc. It follows that we must have ξ
α
3 = C
α
βγξ
γ
1 ξ
β
2 , i.e. a bi-linear
combination of the vectors. Calculating the bracket we see that
[uα, uβ]
c = QAa
(
uaα
∂ucβ
∂xa
−
∂ucα
∂xA
uaβ
)
−Qcbau
a
αu
b
β = C
γ
αβu
c
γ , (3.8)
and so Cγαβ is understood as the structure constant of the Lie algebra of killing sections, which we will
denote as iso(E,G). Integrating this Lie algebra gives us the isometry group of (E,G), which we will
denote Iso(E,G). The action of the group on E is via integration of the vector fields defined by the
lift of Killing sections (3.1). This lifted action will act as Lie algebroid automorphisms that furthermore
preserve the Riemannian structure.
An electromagnetic analogy: Following the classical case, see Wald [13] [Appendix C], we have nice
relation between electromagnetic theory and Killing sections. Consider a Line bundle L→M and a Lie
algebroid E → M . Linear connections on L with values in E, often called E-connections, are formally
similar to the standard electromagnetic potential. In particular we have the gauge potential Aa defined
(locally at least) by the covariant derivative
∇Laσ = Q
A
a
∂σ
∂xA
+ σAa,
where σ is the component of a section with respect to some basis. Under a gauge transformation σ → λσ,
where λ ∈ C∞(M) is a nowhere vanishing function the covariant derivative transforms as ∇La (λσ) =
λ∇Laσ. This requires
Aa 7→ A
λ
a = Aa −Q
A
a
∂λ
∂xA
.
The field strength is given by
Fab = [∇
L
a ,∇
L
b ] = ∇aAb −∇bAa. (3.9)
The non-degeneracy of the Riemannian metric implies the following:
Proposition 3.11. There is a one-to-one correspondence between sections of a Riemannian Lie algebroid
(E,G) and E-connections on the trivial line bundle L = R×M .
As standard we define the components of the Ricci tensor as Rab = R
c
a cb, which of course can
invariantly be defined. Via direct computation we arrive at:
Theorem 3.12. If u ∈ Sec(E) is a Killing section of a Riemannian Lie algebroid (E,G), then
1. Gcb(∇b∇cu)
a + ubRbcG
cd = 0,
2. (∇au)
a = 0.
Statement The above equations are almost formally identical to the source free Maxwell equations
“∇µF
µν = 0” in the Lorentz gauge “∇µA
µ = 0”. The only real problem is the sign associated with the
Ricci tensor term. On Ricci flat Riemannian Lie algebroids (i.e. Rab = 0), Killing sections satisfy the
‘source free Maxwell equations in the Lorentz gauge’ as defined above.
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Killing–Sta¨ckel tensors: The notion of Killing–Sta¨ckel tensor follows directly from Theorem 3.3.
Definition 3.13. Let us fix some Riemannian Lie algebroid (E,G). Then a symmetric tensor K ∈
C∞(E∗) is said to be a Killing–Sta¨ckel tensor if and only if
{K,H}E = 0.
The above definition reduces to a standard Killing–Sta¨ckel field when E = TM and hence the nomen-
clature. Similar to the standard case, Killing–Sta¨ckel tensors correspond to conserved quantities along
the cogeodesic flow generated by H. In the physical language they correspond to ‘generalised hidden
symmetries’.
An immediate consequence of the definition are the following result:
Proposition 3.14. For a given Riemannian Lie algebroid, the set of Killing–Sta¨ckel tensors form a
Poisson subalgebra of (C∞(E∗), {•, •}E).
There is no guarantee that a non-zero Killing sections exist in general. However, the Poisson algebra
of Killing–Sta¨ckel tensor contains in addition to the zero section of E, (locally) constant functions as zero
degree Killing–Sta¨ckel tensor and the energy H as a degree two Killing–Sta¨ckel tensor.
Examples: Here we briefly look at a few simple Riemannian Lie algebroids and the conditions for their
sections to be Killing sections.
Example 3.15. If (M, g) is a Riemannian manifold, then the tangent bundle is tautologically a Rieman-
nian Lie algebroid. The cogeodesic equations are
x˙µ = gµνpν , p˙ν = −
1
2
∂gµρ
∂xν
pρpµ.
The Killing condition reduces to the standard Killing equation
Xµ
∂gνρ
∂xµ
+
∂Xµ
∂xν
gµρ +
∂Xµ
∂xρ
gµν = 0.
Example 3.16. Consider a Lie algebra (g, [•, •]) understood as a Lie algebroid over a point. The Killing
condition on an element u ∈ g is just the algebraic condition
ub
(
QdbaGdc +Q
d
bcGda
)
= 0,
where Qcba is the structure function. This condition can be written in an invariant way as
〈[u, v]|w〉 + 〈v|[u,w]〉 = 0,
for arbitrary v and w ∈ g. This is condition is interpreted as the metric being adu invariant. For a
semisimple Lie algebra we have the natural choice of using the Killing form as the Riemannian metric,
Gab = Q
d
acQ
c
db. In this case, the Riemannian metric is an invariant polynomial and all elements of the
Lie algebra are Killing.
Example 3.17. Given a vector field X ∈ Vect(M) one can associate with it a Lie algebroid structure
on the trivial line bundle R×M →M in the following way. First note that Sec(R×M) = C∞(M). The
Lie bracket on functions on M is given by [f, g] = fX [g]−X [f ]g. The anchor is simply multiplication
by X . We can equip this Lie algebroid with a Riemannian metric simply by specifying a strictly positive
constant c viz 〈f |g〉 = c fg. Thus, without loss of generality we might as well set c = 1. Meaning that
the energy is specified by H = 12π
2. The cogeodesic flow equations are just
x˙A = XA, π˙ = 0.
The (co)geodesics are simply the integral curves of X . The Killing condition is also particularly simple
X [f ] = 0.
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Example 3.18. Consider an integrable distribution E ⊂ TM . Then as is well-know we have the structure
of a Lie algebroid where the anchor is the natural inclusion and the Lie bracket is the restriction of the
canonical Lie bracket on vector fields. Furthermore, an integrable distribution is equivalent to a (smooth
and regular) foliation of M with leaves Σ →֒M such that TpΣ ≃ Ep for all p ∈M . A Riemannian metric
on E defines a Riemannian metric on each of the leaves of this foliation.
Let us for simplicity consider a trivial foliation M = Σ × N ; this of course will serve as a local
model. Then E ≃ TΣ×N . We now employ local coordinates (xa, x˙b, yi) on E, where (yi) serve as local
coordinates on N . One can quickly convince oneself that the generalised geodesic equations are
dxa
dt
= x˙a,
dyi
dt
= 0,
dx˙a
dt
+ Γabcx˙
cx˙b = 0,
thus we see that we have the standard geodesic equation on Σ.
Sections of E are vertical vector fields with respect to the fibration Σ×N → N . Thus, Killing sections
satisfy the standard Killing equation on Σ where the coordinates yi appear as ‘extra parameters’.
4 Sigma models with Riemannian Lie algebroid targets
We now turn or attention to a generalistaion of standard sigma models where the target Riemannian
manifold gets replaced with a Riemannian Lie algebroid. In particular, we will show how Killing sections
are related to the internal symmetries of these models. We will draw heavily on the work of Mart´ınez
[14] throughout this section calling upon his results as needed. For an introduction to sigma models the
reader can consult section 2 of Ketov’s book [11].
The sigma model: Consider the following diagram
TΣ E
Σ M
TM//
Φ

τΣ

π
//
φ
//
ρ
⑧⑧
⑧
⑧
⑧
⑧
⑧
⑧
⑧
⑧
⑧
⑧
⑧
τ
We will insist that the map Φ : TΣ → E is a morphisms of Lie algebroids over φ : Σ → M . Let us
pick local coordinates (xA, ya) on E and (zi, δzj) on TΣ. Then we write the components of Φ as
Φ∗(xA, ya) = (φA(z), δziχai (z)). (4.1)
Thus, we can employ ‘local coordinates’ (φA(z), χai (z)) on the infinite dimensional manifold of all vector
bundle morphism from TΣ to E. The condition that we have a morphism of Lie algebroids is locally
given by
∂φA
∂zi
(z) = χai (z)Q
A
a (φ(z)), χ
b
j(z)χ
c
k(z)Q
a
cb(φ(z)) =
∂χak
∂zj
(z)−
∂χaj
∂zk
(z). (4.2)
Note that a Lie algebroid morphism is then automatically admissible in the sense that
Tφ = ρ ◦ Φ.
It seems essential for a variational principle that we consider Lie algebroid morphisms Φ : TΣ → E,
rather than morphisms between general Lie algebroids. If Σ = R with the standard Euclidean metric,
then we are discussing standard first order mechanics on the Lie algebroid E.
To construct the model we now assume that our ‘space-time’ is a Riemannian manifold (Σ, g). The
target Lie algebroid is then assumed to be a Riemannian Lie algebroid (E,G). Then we have;
Definition 4.1. Under the above stipulations, the Lie algebroid sigma model is defined by the action
S[Φ] :=
∫
Σ
dV olg Tr(g
−1 · Φ∗G) (4.3)
=
1
2
∫
Σ
dz
√
|g|(z) gij(z)χbj(z)χ
a
i (z)Gab(φ(z)).
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Remark 4.2. One could also add a topological term which we omit from our discussion for the moment.
We will not discuss how to add a potential and so we will not consider Landau–Ginzburg-like models.
Furthermore we will neglect boundary terms, or simply assume that Σ has no boundary.
The field equations: Following Mart´ınez [14] the Euler–Lagrange equations for models like the Lie
algebroid sigma model are:
QAa (φ(z))
∂L
∂φA
−
∂
∂zi
(
∂L
∂χai
)
+ χbiQ
c
ba(φ(z))
(
∂L
∂χci
)
= 0.
In full, the morphism condition and the equations of motion for the Lie algebroid sigma model are:
∂φA
∂zi
(z) = χai (z)Q
A
a (φ(z)), (4.4a)
χbj(z)χ
c
i (z)Q
a
cb(φ(z)) =
∂χai
∂zj
(z) −
∂χaj
∂zi
(z), (4.4b)
1√
|g|(z)
∂
∂zj
(√
|g|(z)gji(z)χai (z)
)
+ gij(z)χcj(z)χ
b
i(z)Γ
a
bc(φ(z)) = 0. (4.4c)
Clearly the critical points of the Lie algebroid sigma model correspond to a generalised notion of harmonic
maps, or ‘instantons’ in the physics language. The Lie algebroid generalisation of the tension field of
a configuration τ(Φ) ∈ Sec(φ∗E) is given by (4.4c). The tension field can be interpreted as giving the
‘generalised direction’ that Σ wants to move in M in order to minimise the action. Once at a critical
point the tension field is the zero section and the configuration does not want to move any further.
Definition 4.3. Let (E,G) be a Riemannian Lie algebroid an let (Σ, g) be a Riemannian manifold. The
a Lie algebroid morphism Φ : TΣ → E, (over φ : Σ → M) is said to be a (generalised) harmonic map if
it is a critical point of the Lie algebroid sigma model.
If E = TM , then we get the standard notion of a harmonic map between (Σ, g) and (M,G). IfM = R
equipped with the standard metric, then we have the notion of a harmonic function on Σ. If Σ = R,
again equipped with the standard metric, then the equations of motion are just the generalsied geodesic
equations (2.9).
Symmetries and Killing sections: Consider the following infinitesimal field redefinitions
φA 7→ φA + ξαuaα(φ)Q
A
a (φ), χ
a
i 7→ χ
a
i + ξ
αχbi
(
QAb (φ)
∂uaα
∂φA
(φ) − ucα(φ)Q
a
cb(φ)
)
, (4.5)
here ξα ∈ Rn for some n and uaα are sections of φ
∗E. A direct calculation shows that
S 7→ S +
∫
Σ
dV olg Tr
(
g−1 · Φ∗Lu[ξ]G
)
.
Clearly, the Lagrangian is invariant under these field redefinitions if uaα are Killing sections of (E,G).
Comparing the field redefinitions with the lift of a section to a vector field (3.1) and the fact that this
lift is a morphism of Lie algebras, we conclude that the Lie algebra formed by these field redefinitions is
closed on-shell and off-shell; i.e. closed irrespective of the equations of motion.
Proposition 4.4. The Lie algebra of the internal symmetries of the Lie algebroid sigma model is given
by the Lie algebra of Killing sections iso(E,G).
It is not hard to show that the associated Noether currents are given by (up to standard ambiguities)
Jjξ = ξ
αuaαg
jiχbiGba.
Example 4.5. If E = TM , then the sigma model reduces to the standard sigma models (without
topological term and potential). We then see that the field redefinition is just φA 7→ φA + ξαXAα , where
XAα are standard Killing vector fields on M .
Adding a Wess–Zumino term: Similar to the standard case, our ‘branes’ can be charged and couple
to a Lie algebroid k-form, assuming that dimΣ = k. The k-form is understood as a electromagnetic-like
potential or simply a bulk interaction term. Let us pick local coordinates (xA, θa) on ΠE; we are now
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in the world of supermanifolds and the θ coordinates are anticommuting. Here Π is the parity reversion
functor that acts by formally shifting the Grassmann parity of the fibre coordinates of the vector bundle
E. Then, any Lie algebroid k-form looks like
C =
1
k!
θa1 · · · θakCak···a1(x).
This Lie algebroid form can be pull-backed to a k-form on Σ using ΠΦ : ΠTΣ→ ΠE. In local coordinates
we have
(ΠΦ)∗C =
1
k!
dzi1 · · · dzikχa1i1 · · ·χ
ak
ik
Cak···a1(φ(z)).
Here we consider dz to be the fibre coordinates of ΠTΣ and so we do not include a wedge product in our
notation. The Lie algebroid sigma model in the presence of a background k-form is
S[Φ] =
∫
Σ
dV olg Tr(g
−1 · Φ∗G) +
∫
Σ
(ΠΦ)∗C. (4.6)
In the above the integration of the topological term is technically the Berezin integration on the antitan-
gent bundle of Σ.
Example 4.6. Consider the case where Σ = R and the action is given by
S[Φ] =
∫
R
dt
(
1
2
χa(t)χb(t)Gba(φ(t)) + χ
a(t)Ca(φ(t))
)
.
it is not hard to see that the equations of motion are:
dφA
dt
(t) = χaQAa (φ(t)),
dχa
dt
(t) + χb(t)χc(t)Γacb(φ(t)) + χ
b(t)Fbc(φ(t))G
ca(φ(t)) = 0,
where the curvature is defined as F = dEC, where dE ∈ Vect(ΠE) is the Lie algebroid differential
considered as a homological vector field. This system represents a Lie algebroid version of a charged
particle moving on a curved Riemannian manifold. As standard there is arbitrariness in selecting the
one-form as C 7→ C +dEf for any f ∈ C
∞(M) does not effect the equations of motion. If C is dE-closed
then (E,C) is a Jacobi algebroid (c.f. [6, 9]) and the curvature term in the equations of motion vanishes.
Symmetries of a charged particle on a Riemannian Lie algebroid: Let us concentrate on the
model given in the previous example. It is not hard to show that under the field redefinitions (4.5) that
the action transforms as
S 7→ S +
∫
R
(
Φ∗(Lu[ξ]G) + (ΠΦ)
∗(Lu[ξ]C)
)
,
where the Lie derivative of C is defined using the lift of a section to a vector field (3.1). As we have a
one-form there are no sign complication in this definition. We then see that this action is still invariant
under the field redefinitions if u[ξ] are Killing sections and in addition Lu[ξ]C = 0. The associated Noether
current, similarly to the classical case is given by
Jξ = ξ
αuaα
(
χbGba + Ca
)
.
5 Concluding remarks
In this paper we showed how the notion of a Killing vector field on a Riemannian manifold generalises
to Lie algebroids equipped with Riemannian structures. We then showed that several of the common
equations that express the Killing condition directly generalise to the setting of Lie algebroids. The
theory of Riemannian structures largely generalises to Lie algebroids with little fuss. We then applied the
technology developed to study the internal symmetries of (classical) sigma models that have Riemannian
Lie algebroids as targets. We have focused on mathematical questions and have not attempted to find
phenomenological applications of these models. Moreover, we have not examined the important, but
separate question of explicitly finding examples of (Lie algebroid) harmonic maps.
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